THE GRADIENT OF A POLYNOMIAL AT INFINITY 
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Abstract. We give a full description of the growth of the gradient of a poly- 
nomial in two complex variables at infinity near any fiber of the polynomial. 



1. Introduction 

Let / : C™ — > C be a non-constant polynomial and let V/ : C" — > C™ be its 
gradient. There exists a finite set B(f) C C such that / is a locally trivial C°°- 
bundle over C \ B(f). The set B(f) is the union of the set of critical values C(f) of 
/ and critical values A(/) corresponding to the singularities of / at infinity. The set 
A(/) is defined to be the set of all A £ C for which there are no neighbourhood U of 
A and a compact set K C C n such that / : f~ 1 {U)\K — > U is a trivial C°°-bundle. 
It is known that the set A(/) is finite (flPh|, Appendix Al, jvj, Corollary 5.1). It 
turns out that for A £ C the property of being in A(/) depends on the behaviour 
of the gradient V/ near the fiber / (A). 



Ha in |H2| defined the notion of the Lojasiewicz exponent £oo,a (/) of the gra- 



dient V/ at infinity near a fibre / 1 (A ) in the following way 
(1.1) £«.,*„(/):= lim .C oc {Vf\f- 1 {D&)), 

5 — >0 + 

where Dg := {A £ C : | A — Ao | < 8} and £ 00 (V/|/ _1 (.D|5)) is the Lojasiewicz 
exponent at infinity of the mapping V/ on the set f~ 1 (D$) (see the definition 
in Section 3) and gave, without a proof, a characterization of A(/) for n — 2 in 
terms of £oo,A (/)- Namely, Ao £ A(/) if and only if £oo,A (/) < ( or equivalently 
A»,A (/) < ~~ !)■ A generalization of this result was given by Parusihski in Q. 
Moreover, Ha also gave a formula for £oo.a (/) in terms of Puiseux expansions of 
roots of the polynomial f — Xo at infinity for Ao G A(/) (this formula is analog ous to 



the formula for the local Lojasiewicz exponent of the gradient V/, given in |KL| 1). 

The aim of this paper is to give in the case n = 2a complete description of the 
behaviour of the gradient V/ near any fibre / _1 (A) for A £ C. To achieve this we 
define a more convenient Lojasiewicz exponent at infinity of V/ near a fibre / _1 (A) 
(it will turns out in Section 5 to be equivalent to the above one) as the infimum of 
the Lojasiewicz exponents at infinity of V/ on meromorphic curves "approximating" 
J" 1 (A) at infinity. Precisely, for a non-constant polynomial / : C" — > C we define 
£qo,a(/) by 

dee; V f o $ 

(1.2) £oo,a / :=inf g . T - , 

* deg* 
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where $ = ((pi, cp n ) is a meromorphic mapping defined in a neighbourhood of oo 
in C such that deg<& > and deg(/— A)o$ < 0. Here deg$ := max(deg tpi,..., degip n ). 
We shall also call such mappings meromorphic curves. 

The main results of the paper are effective formulas for C OCi \(f) for each A G C 
and properties of the function A i— > C 00i \(f) for n — 2. To describe them we outline 
the contents of the sections. 

Section 2 has an auxiliary character and contains technical results on relations 
between roots of a polynomial and its derivatives. 

In Section 3 we investigate £oo,a(/) f° r A G A(/). In particular we obtain the all 
results of Ha with full proofs. 



The main theorems are given in Section 4. They are Theorems 4.1, 4.4 and 4.5 
which give effective formulas for £oo,a(/) for each A G C in terms of the resultant 
Kes v (f(x, y) — A, f' y (x, y) — u), where A, u are new variables and (x, y) is a generic 
system of coordinates in C 2 . As a consequence we obtain (Theorem |4.6| ) a basic 
property of the function A i— > Coc,\(f)- Namely, 

£oo,a(/) = const. ^ for A $ A(/), 
£oc,a(/) € [-oo,-l) forAeA(/) 



Technical problems in proofs of Theorems 4.4 and 4.5 are caused by the fact that the 



exponent £oo,a(/) does not have to be attained on a meromorphic curve i.e. it may 
happen that there is no meromorphic curve $ such that deg $ > 0, deg(/— A)o$ < 
and 

degV/o$ 
deg<P 

At the end of this section we compare the functions A £oo,a(/) and A i— » 



£cx3(V/|/ _1 (A)) (Theorem 4.8). It turns out they differ only in afinite set of points, 
containing A(/). 

In Section 5 we show the equivalence (only in case n = 2) of the two above 
notions of the Lojasiewicz exponent at infinity of V/ near a fibre J" 1 (A) i.e. the 
equality 

(1.3) £oo,a(/)=£ 00>a (/) for AeC. 

In Section 6 some partial results on £oo,a(/) and £oo,a(/) in n dimensional case 
are given. Here a complete characterization (in terms of the exponents £oo,a(/) 
and £oo,a(/)) of the values of / for which the Malgrange condition does not hold 
is given. Some open problems on £oo,a(/) and C oc ,\(f) are also posed. 

In the end we explain some technical assumptions occured in Sections 2-5. Since 
one can easily show that the exponent C OCi \(f) does not depend on linear change of 
coordinates in C™ we shall assume in Sections 2-5 that the polynomial / G C[x, y] is 
monic with respect to y and deg / = deg y f. Then we have a simple characterization 
of the set A(/) which will be used in the paper. Namely, in |H1] and |k|] there was 
proved that 

(1.4) A(/) = {A e C : c (A) = 0}, 

where the polynomial Co(X)x N + ■ ■ ■ + cat (A) is the resultant of the polynomials 
f{x,y) — A, fy(x,y) with respect to the variable y. 
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2. Auxiliary results 
Let / be a non-constant polynomial in two complex variables of the form 
(2.1) f(x, y) — y n + ai(x)y n ^ 1 H h a n (x), deg a; ^ i, i=l,...,n. 



It can be easily showed (see |CK1|). 

Lemma 2.1. If n > 1, then for every Ao G C there exist an D G N and functions 
...,/3„, 7i,...,7n-i, meromorphic at infinity, such that 

(a) degPi sC D, deg 7,- sC D, 

(b) /(i D ,y)-A = niU(y-AW), 



(c) f^t u ,y) = ni\;- 1 1 (y- lj (t)) 



□ 



We shall now give a lemma which directly follows from the property B.3 in |GP|. 
Local version of this lemma was proved in [KI]. 



Lemma 2.2. (|GJJ, B.3) Under notation and assumptions of Lemma 2.1 for every 
i, j G {1, n}, i j, there exists k G {1, n — 1} such that 

(2.2) deg(A - 0j) = deg(pi - j k ) 

and invers ly fo r every i G {1, ...,n} and k € {1, n — 1} there exists j G {1, ...,n} 
shc/i that ( 2J: ) holds. 

a 

Now we prove a proposition useful in the sequel. A local version of it is given in 
jp| and |y. We put *;(t) := (i D , 7/ (i)), Z G {!,..., n- 1}. 



Proposition 2.3. Under notations and assumptions of Lemma 2.1 we have 
(2.3) 

/ » \ 

n / ^ — ^ n \ n — 1 

min > deg (A - /%) + min dcg(/3, - = min(deg (/ - A ) o 
»=i \ . . . 3=iJ¥* / '=i 



Proof, (after |[Rc{| ). There exists io G {1, n} such that the left hand side in ( |2.3| ) 
is equal to 

n 

En 

deg (f3 io . min deg(& - #,■) 

. , . . . 2=1,27^0 

and jo G {1, n} such that 



(2.4) 



min deg(/3 4o - = deg(/3 l0 - (3 jo ). 

2=l,2#*o 



By Lemma 2.2 there exists fco G {1, ...,n— 1} 

(2.5) deg(ft - (3 J0 ) = deg(/3 l0 - j ko ). 

We shall lead the further part of the proof in four steps. 
A. We first show that for each j G {1, n} we have 

(2.6) deg( 7fco - p s ) ^ deg(/3 io - p Jo ). 

Take any j G {1, n} and consider two cases: 
(a) deg(ft - P jo ) < min" = i deg(/3 s - 
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(b) deg(A - p Jo ) > mm%x deg(p s - pj). 
In case (a) by Lemma 2.2 there exists p G {1, ...,n} such that 

n 

deg(7fc - = deg(/3 p - /%) mindeg(/3 s - (3 3 ) > deg(/3 J0 - /3 jo ). 

s=l 



which gives (|2 

In case (b) by definition of Iq and ( |2.4| ) we have 

n 

5] deg (p s - p io ) + deg((3 jo - p io ) 

n 

En 
deg((3 s - Pj) + min deg(/3 s - Pj). 

Hence and from (b) we get 

n n 

£ deg 09.-/8(0) < degips-pj). 

Then there exists 5 ^ io, s 7^ j such that 

deg(&-Ao) < deg(ft - ft). 



Hence and from (2Jj) we get 

deg(Pj -p i0 ) = Aeg{Pj - p s + a - p i0 ) > deg(/3 s - p io ) 
> deg(^- -Pio) = deg(7 feo - & ) 

In consequence 

deg(7fc - Pj) = deg(7 fco - p io + p io - Pj) > deg(7 fco - ft ) = deg(P jo - p i0 ). 

This gives ( ^ ) in case (b). 

B. We shall now show that for each j e {1, —,n}, j ^ to, we have 



(2.7) 



deg(7/c -Pj) = deg(/? io - Pj). 



Take j e {1, n}, j ^ io, and consider two cases: 

(a) deg(7fc - P 3 ) > deg( 7feo - p io ), 

(b) deg(7fc n -A) = deg( 7feo - /3 io ). 

By (|2.5|) and (2J3) there are no more cases. In case (a) we have 

deg(/3 io - Pj) = deg(/3 io - 7feo + 7 fco - #,•) = deg(7 feo - Pj), 



which gives (p2 



In case (b) by ( |2.4| ) and (^J) we have 

deg(ft -Pj) = deg(p io - j ko + j k[) - Pj) < deg(p io - 7fco ) 
= deg(/3 io - P jo ) < deg(/3 40 -/%), 



which gives (2.7) in case (b). 
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C. We notice that by ( ^7?| ) we have 

n 

deg(/ - A ) o * fco = J2 deg {jk - fa 



deg (7fe - ^ ) + de g (7fc - Ao ) 

n 

. n 

2^ deg (#„ - j9 3 -) + min deg (fa - ) 



Thus we have shown 
(2.8) 



n / ^ — ^ n \ ri—1 

min > deg (A - fa) + min deg(/3i - /%) ^ min(deg (/ - A ) o %). 

D. We shall now show the inequality opposite to (|2.^ ). There exist 
Zo G {1, n — 1} and jo 6 {1, — i ™} such that 

n-l 

(2.9) mjn(deg (/ - A ) o *,) = deg (/ - A ) o , 

n 

(2.10) mindeg^ - fa) = deg( 7/o - fa Q ). 

3 = 1 



Observe first that for any j £ {1, n), j ^ jo, we have by (|2. 10| ) 
(2.11) deg (ft- - &„) = deg (ft - llo + llo - fa ) < degOa, - tj ). 



By Lemma 2fl there exis ts fco 6 {1, n— 1} such that deg(7z — /3j ) = deg {(3k — fa ) 
Hence using Lemma |2~l[ and ( 2.11 ) we get 

n n 

deg (/ - Ao ) o $ lo = d eg (ih ~ fa) > de § O 9 *" ~ &) + d eg(7* - Ao ) 

n 

> > deg (/3 jo -fa) + min deg(/3 3 - fa ), 

which gives the inequality opposite to (p!g|). 

This ends the proof. □ 



3. Critical values at infinity 

We start with definitions and notation needed in the sequel. 
Let F : C" — » C m , rt ^ 2, be a polynomial mapping and let S C C™ be an 
unbounded set. We define 

N(F\S) := {v G R : 3A, B > Vz e S (\z\ > B \F{z)\ > A \z\")}, 

where |-| is the polycylindric norm. If S = C n we put N(F) := iV(F|C"). 

By the Lojasiewicz exponent at infinity of F\S we shall mean £oo(F|5) := 
su-p N(F\S) when7V(F|5) ^ 0, and -oo when N(F\S) = 0. Analogously Coo{F) := 
sup TV (F) when AT(F) ^ 0, and -oo when N(F) = 0. 
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We give now a lemma needed in the sequel, which gives known formulas for the 
Lojasiewicz exponent at infinity of a polynomial on the zero set of the another one. 
Let g, h be polynomials in two complex variables (x, y) and 

< dcg h = deg y h. 

Let r£C and R{x, r) := ~Res y (g(x, y) — r, h(x, y)) be the resultant of g(x, y) — r 
and h(x, y) with respect to y. We put 

R(x,t) = R q {t)x k + --- + R k (t), i? ^0, 

T := fe _1 (0). 



Lemma 3.1. (\P1\, Proposition 2.4) Under above notation and assumptions there 



(i) Coo(g\T) > if and only if Ro — const., 

(ii) C QO (g\T) = if and only if Rq ^ const, and Rq(0) ^ 0, 

(iii) — oo < Coo{g\T) < if and only if there exists r such that Rq(0) = ■ ■ ■ = 
Rr(0) = and R r +i(0) ^ 0, 

(iv) L 00 (g|T) = — oo if and only if Rq(0) = ■ ■ ■ = Rk(0) = 0. 

Moreover, in case (i) 



and in case (iii) 



k deg Ri 
max ; — 

i=l i 



ord Ri 



i=i r + 1 



a 



Let / be a polynomial in two complex variables of the form (2.1) and deg / > 1. 
Fix Ao £ C, denote z := (x,y) and define 

S Xo := {z e C 2 : f(z) = A }, 

S y := {zeC 2 : f' y {z) - 0}. 



In notation of Lemma 2A_ we put < &i(t) := (t D , Pi(t)) for i e {1, ...,n} and as 
previously Wj(t) := (t D ,~/j(t)) for j G {1, ...,n - 1}. 

Under these not atio n we give, without a proof, a simple lemma which follows 
easily from Lemma |2.l|. 



Lemma 3.2. We have 

(i) deg$i = Z>, i = l,...,n, deg% = D, j = I, . 

(ii) £oc (/^ | ^Ao) = £ min™ =1 deg o $ 8 , 

(iii) £«,(/ - \o\Sy) = i minp 1 dcg (/ - A ) o ^, 

Now, we give a theorem important in the sequel. 

Theorem 3.3. //£<»(/ - A ,/y) < 0, i/ien 

(i) £cx>(/-Ao,/;) = £oo(/-Ao|5 3/ ) ) 

(ii) Ao e A(/). 



, n — 1 , 



□ 
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Moreover, if additionally £oo(/ — Ao, f' y ) 7^ ~°° then 

(3.1) £oc(f ~ \ \Sy) < Cooif^). 

Proof. Let us start from (i). In the case £oo(/ — Ao,/-) = — oo we get easily (cf. 
|CK3| , Theorem 3.1(iv)) that £«,(/- Ao|S„) = -oo, which gives (i) in this case. 

Let us assume now that £oc(/ — Ao, f' y ) 7^ — 00. In this case by the Main Theorem 
in ]CK1| , (cf. jCK4| l, Theorem 1) we have 

(3.2) £«,(/ - A , f'y) = min(£ 00 (/ - X \S V ), |Sa„)). 



Hence to prove (i) in this case it suffices to show (3.1). 



Assume to the contrary that ( p.l| ) does not hold. Then by (3.2) and the assump- 
tion of the theorem we have C oc (fy\Sx ) < 0. On the other hand, by Lemma 3.2(h) 
there exists i <E {1, ...,n} such that 



(3.3) 



deg/'o^ = D£x>C# |Sa„) 



By the above we get deg/y o < 0. Hence and by Lemma 2.1(c) we have 

n 

deg/;o$ != £ deg 
j'=i ,i¥=i 

n 

En 
deg (A - /%) + mm deg($ - 
:i 1 ../ " 



In consequence we get 
de 



g o $, ; > min V deg - fc) + min deg(/3 fc - #,■) 

fc— 1 \ * — * j — l^j^k 



Hence by Proposition 2.3, Lemma 3.2 (iii) and (3.3) 

£oo(/ ~ Aol^y) < Coo{f' y \S\ a ), 



which gives a contradiction. Then (34) holds. 

Assert ion (ii) is a simple consequence of the facts £oo(/ — ^\S y ) < 0, Lemma 
34] and ( pi ). 

This ends the proof. □ 



3.3. 



Let us fix the same notation as in Theorem 
Theorem 3.4. !/£<»(/ - XoJ y ) < 0, then 

(3.4) £ 00jAo (/) = £ 00 (/-A ,/;)-l. 

Proof. Without lo ss o f generality we may assume, as before, that £<»(/ — Ao, f' v ) > 
—oo. By Theorem 3.3 (i) it suffices to show that 

(3.5) A» 1 Ao(/)=A»(/-Ao|5 v )-l. 
We shall first show the inequality 



(3.6) 



£oo,Ao(/)^£oo(/-A |S y )-l. 
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According to definition ( [L2] ) of C OO; x (f) it suffices to show that for any meromor- 
phic curve $(t) = (y>i(t), f2{t)) satisfying 



(3.7) 
(3.8) 
we have 

(3.9) 



deg$ > 0, 
deg(/- A ) o$ < 0, 



deg V/ o $ 
deg<I> 



^ £oo(/ — ^0\Sy) — 1. 



From (3.7) and (3.8) it easily follows degcpi > 0. So, without loss of generality 
we may assume that $(t) = (t SVl ,<^(t)). Then by (3.8) we also get easily that 
deg<£> = degipi. On the other hand, by Lemma |3.2|(iii) it follows that there exists 
U G {1, —,71 — 1} such that 

deg (/ - A ) o ty. 



(3.10) 



deg* ; 



Hence we get that inequality (|3.9| ) can be replaced by the inequality 

(3n) degV/o$ deg(/-A )otti. 1 

deg<I> ^ deg*/ t 

At the cost of superpositions of $ and *$>i t , if necessary, wi th ap propriate powers 
of t a and t' 3 , which does not change the value of fraction i n (3.11 ), we may assume 
that deg<£> = deg^^. Moreover, increasing D in Lemma 2A we may also assume 
that deg<£> = D. Summing up, to show ( |3.6|) it suffices to prove 

(3.12) degV/o$ > deg (/ - Ao) o - D. 

Before the proof of this we notice that inequality ( j3~g| ) implies easily the following 

(3.13) deg(/ - A ) o$ <; degV/o$ + D. 

Consider now two cases: 

(a) there exists lo G {1, ...,n — 1} such that 

n 

deg((p -Ji )< mindeg(^ - ft), 
i—i 

(b) for each / E {1 , . . ., n — 1} 

n 

deg(<p - 7;) > mindeg(<p - fa). 

i—l 

In the case (a) for each j G {1, n} we have 

deg(7z - Pj) = deg(7z - ip + cp -/?,■) = deg(ip - fa). 

Then 

deg (/ - A ) o ® lo < deg (/ - A ) o $. 



Hence, from fl3.10| ) and Lemma |3.2| (iii) we get 

(3.14) deg (/ - A ) o ^ < deg (/ - A ) ° $. 

By ( |3.13| ) and fl3.14j ) we get ( |3.12| ) in case (a). 

We shall now show ( 3.12 ) in the case (b). Let min™ =1 deg(ip — fa) = deg(ip — fa ) 
for some io G {1, n}. Then for each I G {1, n — 1} 

deg(A - 7i) = deg(/3 io -(p + tp-rfi)^ deg(tp - 7,). 
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Hence 
(3.15) 



deg/' o$ io sjdeg/' o$. 



On the other hand, by Proposition 2J:, Lemma S^iii), and ( 3.10 ) 



deg/^o$ io = deg(&, 



min deg(/3 io - 0^ 



min deg(/3 io - /%) 



ft) 



min deg(/3 fc 



>nun E de § (A 
= £>£«,(/ - Ao|5 s ) -D = deg(/ - A ) o * h - D 



Hence and by (3.15) we get 

(3.16) deg/Jo$>deg(/-Ao)otf Iu -D. 

By ( 3.16| ) and the obvious inequality degV/ o <f> > deg fy o $ we get inequality 
( |3.12 ) in case (b). Then we have proved ( |3.12| ) and in consequence (|3.6|). 
To finish the proof we have to show 

(3.17) -Coo,Ao(/X^oo(/-Ao|5i,)-l. 
By assumption, Theorem 3.3 (i) and ( |3- 1C| ) we have 

(3.18) deg(/-Ao)o¥ u < 0. 
Hence 

(3.19) deg (/ - A ) o = deg V/ o + £>. 



Hence and from (|3.10D we get 



£oo(/ — Ao|5j,) — 1 — 



deg V/ o gj. 
deg* /t 



Hence taking into account ( 3.18 ) and (L2) we obtain ( 3.17 ). 
This ends the proof of the theorem. 



□ 



We shall now give three simple corollaries of Theorems 3.3 and p.4| 
Corollary 3.5. The following conditions are equivalent: 

(i) £oo(/-A ,/£) <0, 

(ii) £oo,Ao(/)<-l, 

(iii) £oo,Ao(/) <0, 

(iv) Ac G A(/), 

(v) Coo(f-MSy) <0- 



Proo/. (i)=^(ii). Theorem |3.4. 

(ii) =^(iii). Obvious. 

(iii) =>(i). Obvious. 
(i)=Kiv). Theor em [^(ii). 

(iv) =^(i). []CK3| , Theorem 3.1. 
(i)=Kv). Theorem E|(i). 
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(v)=>(i). Obvious. 
This ends the proof. 



□ 



Corollary 3.6. If C^iy f) < -1, then 

(i) there exists Xq G C such that £oo(V/) = \ (f), 

(ii) £ 00 (Vf)=£ 00 (Vf\S y ). 

Proof. Let <f>, deg$ > 0, be a meromorphic curve on which the Lojasiewicz expo- 
nent £oo(V /) is attained. Then 

deg V/ o $ 



(3.20) 

We shall show 
(3.21) 



£»(V/) 



deg$ 



deg / o $ 0. 

Indeed, it suffices to consider the case deg / o $ ^ 0. Then 
deg / o $ deg V/ o $ 



deg$ 



deg$ 



1 = £oo(V/) + 1 < 0, 



which gives ( |3.2l|). 

Inequality ( 3.21 ) implies that there exists Ao G C such that 

(3.22) deg(/ - Ao) o $ < 0. 



Then by (|3.20| ), ( |3.22|) and (|L2|) we get £oo,A (/) < Ax>(V/). The opposite inequal- 
ity is obv ious. This gives (i). 

From ( 3.22| ), the assumpt ion and ( 3.2d| ) we get Cocif — Ao,/^) < 0. Hence ac- 
cording to (i) and Theorems 3A and 3^5(1) we get 

C oo (Vf)=C oo (f-X \S y )-l. 

Hence and from the obvious inequality 

C 00 U-M\3y)-l>C 00 (^f\S v ) 

we obtain 

A»(V/) > £oo(v/|^). 

The opposite inequality is obvious, which gives (ii). 

This ends the proof. □ 

Corollary 3.7. If £qq(/ — A p, f',) < and functions 0i,...,/3 n , meromorphic at 
infinity, are as in Lemma 2J_ then 

(3.23) ^oo.Ao (/) + 1 - — min V deg (# - (3,) + min deg(ft - f3 3 ) \. 

Proof. By Theorems 3^ and 3J5 (i) we get 

(3.24) C ooM {f) + l = C 00 {f -\ \S y ). 



According to Lemma 3.2 

I n-l 

(3.25) Cooif-XolSy) = -mindeg(/-A )o* ; . 

Now, ( |3.24| ), and Proposition |J implies ( |3.23| ). 

This ends the proof. 



□ 
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At the end of this section we notice that from Corollary |3.5| it follows that all 
resu lts of this section concern critical values of / at infinity. Indeed, by Corollary 
3.5 one can always replace the assumption £oo(/ — Ao, f'y) < with the assumption 
Aq€A(/). 

We shall now discuss the connection of the above three corollaries with the results 



by Ha |H2[. It shall be shown in Section 5 that the above Lojasiewicz exponent 
£qo.a(/); defined by (1.2), coincides with the Lojasiewicz exponent £oc,a(/), defined 
by (1.1), introduced by Ha in |H2| . Thus Corollary 3J: is a changed and extended 
version of Theorems 1.3.1 and 1.3.2 in |H2|. In t urn , Corollaries |3.6| (i) and 3,7 
correspond exactly to Theorems 1.4.3 and 1.4.1 in |H2|, respectively. 



4. Effective formulas for £oo,a(/) 

In this section / is a polynomial in two complex variables of the form (|2.l[) . Let 
(A, u) S C 2 and Q{x, A, u) := ReSj,(/ — A, f' y —u) be the resultant of the polynomials 
/ — A and f' y —u with respect to the variable y. By the definition of the resultant 
we get easily that Q(0, A,0) = ±7i™A"~ 1 + terms of lower degrees. Hence Q ^ 0. 
We put 

(4.1) Q(x,\,u) = Q a (\,u)x N + --- + Q N (X,u), Qo^O. 

Let us pass now to the effective calculations of £oo,a(/)- We start with the first 
main theorem conerning the case when Ao is a critical value of / at infinity. 

Theorem 4.1. A point Ao G C is a critical value of f at infinity if and only if 
Qo(Ao,0) = 0. Moreover 

(i) £oo,a (./0 = -oo if and only if Qo(A o ,0) = • • • = Q N (X ,0) = 0, 

(ii) 



-'oo.A 



„(/) = -!- 



ord 



mm ■ 

i=o 



(A o ,0) 



?i(A,w) 



if and only if there exists r 6 {0, 
Q r (A ,0) = 0, Q r+ i(A ,0)^0. 



,N 



1} such that Qo(Ao,0) 



Proof. By Corollary (iv) <^=4» (i) and Theorem 3.1 in [|CK3| we get the first 
assertion of the theorem. The second one follows from Theorems 3.1 and 3.3 in 
|CK3| which give formulas for £oo(/ — Ao,/y) in the case Qo(Ao,0) = and 



Theorem 3.4 



□ 



Now let us pass to the more complicated case when Ao is not a critical value of / 
at infinity. Similarly as previously we shall use resultant (4.1). We shall now prove 
two theorems on dependence of £oo,a (/) for Ao ^ A(/) on the coefficient Qo{X,u) 
of the resultant (4.1). 

Directly from the first assertion of the above theorem we have. 

Corollary 4.2. A point Ao ^ A(/) if and only i/Qo(Ao,0) ^ 0. 

□ 

The first theorem shall be preceded by a lemma, well known in local case. First 
we introduce notations. 

Let M(t) be the field of germs of meromorphic functions at infinity i.e. the field 
of all Laurent series of the form J2n=k a nt n , k S Z, convergent in a neighbourhood 
of oo € C. Let M(t)* := {S^Li-Mit 1 ^) be the field of convergent Puiseux series 
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at infinity. Similarly as in the local case A4(t)* is an algebraically closed field. If 
ip e M{t)* and <p(t) = ?/>(t 1/fc ) for tp G M(t), then we define degtp := (1/fc) deg^- 
Using simple properties of the function deg and the Vieta formulae we obtain 

Lemma 4.3. Let 

P(x,t) = c Q {t)x N + Cl {t)x N - x + ■■■ + c N {t) = co(t)(x - Vl (t)) ---(x- <p N (t)), 
where cq, c\, cn € M(t), cq ^ 0, (pi, ipN G M(t)*. Then 

n , n deg Ci deg c 
max deg <pi = max . 

i=l i=l i 

We shall now prove the second main theorem of the paper. 
Theorem 4.4. If \o £ and deg u Q (\,u) — then £oc,\ {f) > and 



(4.2) 



•Coo,Ao(/) 



n deg u Qi{X,u) 
max 

i=l i 



! -1 



N dcg„ Qj (A. it) 



By an elementary property of the resul- 



Proof. Put 5 := 

tant Q it follows that deg u Q{\, u) > 0. Hence S > 0. 
We first show that 

(4.3) 5<Ax,,A (/)- 

Take an arbitrary meromorphic curve $(t) = (x(t),y(t)) such that deg$ > and 
deg(/ — Ao) o $ < 0. To show (4.3) it suffices to prove 

deg f' y o $ 



(4.4) 



deg$ 



Notice that inequality deg(/ — Ao) o $ < and (2.1) implies immediately deg$ 
deg a;. Put A(f) := f o u(t) := f y o $(i). Then takes the form 

degu 



(4.5) 



degx 

By a property of the resultant we have 
(4.6) Q(x(t),X(t),u(t))=0. 



By Corollary [L2| and the assumption of the theorem we have Qo(Ao, 0) ^ and Qo 
does not depend on u. Since deg(A(i) — Ao) < then 

(4.7) de g Q (A(t),H(t)) = 0. 

By ( |4.7j ) and ( L6 ) taking into account deg x > and deg A < we get easily 

(4.8) degw>0. 
Consider the polynomial in variable x 

Q{x, \{t),u{t)) = Q (X{t),u{t))x N + ■■■ + Q N (X(t), u(f)) 

with coefficients meromorphic at infinity. Ident ifyi ng me romorphic fu ncti ons at 
infinity with with their germs in M (t) and using ( |4.6; ) , ( fl7| ) and Lemma L3 we get 

i=i i 
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Hence and from the inequality deg X(t) ^ we obtain 
degxlt) 4: deg um max = 

i=l I 



-degu(i). 



This gives ( [4,5| ) and in consequence (4.4) and then (42). 
We shall now prove that 

(4.9) £oo,Ao(/)<*. 
Let us introduce notations. Let 

(4.10) Qi(\, u) = Ql{\)u k > + • • • + Ql, (A), 

(4.11) a, := ord Ao Q l (A) 

for i = 1, N. Take now an arbitrary M £ N and put 



(4.12) u M (t):=i M , A(i) 

Since Qo(Ao, 0) ^ and Qo does not depend on u then 

(4.13) degQ o (A(t),uj|f(t))=0. 

On the other hand by Q4.1CD , flOl] ) and ( f4.12| ) for almost all M £ N we have 

(4.14) degQ<(A(t),t*jtf(t))=Affci-ai, i = 1, AT. 



Define a :— minja^ : ^ — 8 1 }. Then from ( 4.14 ) and definition of 6 it follows 
that for almost all M £ N we have 

n deg Qi(\(t),UM(t)) 



(4.15) 



max ■ 

i=l 



= M5~ 



Consider the polynomial in variable x 

Q{x, A(t), u M (t)) = Qo(A(t), + • • • + Qjv(A(t), u M (i)) 

with coefficients meromorphic at infinity. Identifying meromorphic functions at 
infinity with their germs in SA(t), applying Lemma 4.2 and taking into account 
(4.12), we obtain that there exists pm £ M(t)* such that 

(4.16) Q(<p M (t),\(t),u M (t))=0 in M(t)* 

and 

at degQi(X(t),u M (t)) 
deg </? M (i) = max — . 

i=l I 



Taking into account (4.15) for almost all M £ N we have 

(4.17) degy>Af(*) = MS' 1 -a. 

Consider polynomials /(¥>m(*))2/) ~ X(t) and f y (fM(t),y) — Mjv/(t) in variable y 
with coefficients in M{t)*~ . By ( 4.16 ) their resultant is equal to zero in M(t)* . Then 
there exists a function ipM(t) £ M(t)* such that 

(4.18) /GM*),lM*)) = A(t), 

(4.19) fy{yM(t),ip M (t))=u M (t). 
By ( |4.18|) and we get 

(4.20) degfM ^ degV>M- 

By definition of M{t)* there exists D £ N such that <pM(t D ),ipM{t D ) £ M(t). 
Then there exists a meromorphic mapping at infinity $m(*) = (£m(*)> 2/m(*)) such 
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that the germs o f gy ft) a nd yi ajt) a t infinity are equal fM{t D ) and ipM(t D ), 
respectively. By ( |420| ) and ( 4.17 ) we obtain 

(4.21) deg$ M = degx M = D(M6~ 1 ~ a). 
By ( |4.18| ) and ( |4.19| ) we have 

(4.22) deg(/ - A ) ° $ M = dcg(A(t D ) - A ) = -D < 0, 

(4.23) deg /; o $ M = deg u M (t D ) = AID. 

By fl42l| ) for almost all M € N deg$ M > 0. Hence, from ( |4.22| ) and the first 
equality in ( 4.21 ) we easily get Aegf' x o <I> M < deg/^ o $ M , that is 

(4.24) deg V/ o $ M = deg /J o $ M . 

By ( |4.21]) , ( gTgg ) and fl424| ) for almost all M G N we get 
deg V/ o $ M 



deg$ 



M 



Summing up, we have found a sequence {$m} of map pings meromorphic at 
infinity, such that for almost all M G N, deg <& M > 0, ( |4.22|) holds and 



degV/o$ M 
lim — - — = 6, 

m^oo deg ®m 



□ 



which in according with (L2) gives (49). 
This ends the proof. 

We shall now prove the third main theorem of the paper. 

Theorem 4.5. // A ^ A(/) and deg u Qo(X, u) > then Coo,x (/) = 0- 

Proof. If deg / = 1 then we easily check that £oo,a (/) = 0. Assume that deg / > 1. 
Let us notice first that by assumption and Corollary |3.5| (iii)=^(iv) 

(425) £oo,a (/) > 0. 

On the other hand, by assumption and Corollary |4.2j we have 

(4.26) Q o (Ao,0)^0. 

To show the inequality opposite to (|425|) we consider two cases: 

(a) deg Q (Ao, it) > 0, 

(b) degQ o (Ao,u) = 0. 

In case (a) taking into account ( 4.26] ) and Lemma 3A we get A,^/' |/ _1 (Ao)) = 0. 
Hence and by Lemma 3.2 (ii) it follows that there exists i G {l,...,n} such that 
degfy o $i = 0. On the other hand, from the form of / we easily conclude that 
deg V/ o $i = deg /' o $^ Summing up, deg <£>i > and 

(4.27) deg(/ - A ) o $i = -oo, deg V/ o - 0. 



Then definition ( |l.2| ) of Ax>,A (/) implies £oo,A (/) ^ 0: which together with ( |4.25| ) 
gives the assertion of the theorem in case (a). 
Let us pass to case (b). 
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We first show that there exist functions X(t),u(t), meromorphic at infinity, such 
that 



(4.28) 
(4.29) 
(4.30) 
Let 



deg(A(i) - A ) < 0, 
degu(i) > 0, 
Qo(X(t),u(t))=0. 



Qo(A, u) = Q° (X)u k ° + ■■■ + Q° (A), Q° f 0. 
In this case taking into account ( 4.26j ) we have 

(4.31) ord Ao Qfc =0, ord Ao Q°>0 for i = 0, ...,*o - 1. 
Put A(i) := Ao + \ and consider the polynomial in variable u 

(4.32) Q (A(t), u) = Q° (X (t))u k ° + ■ ■ ■ + Q° ko (A(t)) 



with coefficients meromorphic at infinity. Notice first that by ( 4.31 ) and definition 
of A 



(4.33) 



ko degQ°(Aft))-degQ°(Aft)) 

max 

i=i i 

degQ° o (A>))-degQ°(A(f)) 1 

> ° 7 = 7- ord Ao Ql > 0. 

fc fco 



Identifying meromorphic functions at infinity with their germs in Ai(t) and using 
Lemma |4~3| to polynomial (4.32) and taking into account (4.33) we get that there 
exists ip € M(t)* such that 



(4.34) 
(4.35) 



Q (X{t),ip(t)) = in M{ty 
deg ip > 0. 



By definition of M(t)* there exists D e N such that ^p{t D ) E M(t). Then there 
exists a function u(t) meromorphic at infinity which germs at infinity is equal to 
<p(t D ). Put X{t) := X(t D ). By de fi nition of A, (|4.35D and we obtain that the 

functions X(t),u(t) satisfy ( |4.2^ ), ( |4.29|) and ( |4.30| ). 

Now we consider two subcases: 

(bi) for every i 6 {1,...,N} Q l (X(t),u{t)) = 0, 

(b 2 ) there exists i € {1, N} such that Qi(X(t), u(t)) ^ 0. 

Consider case (bi). Then for every M G N we have 

(4.36) Q(t M ,X{t),u(t)) =0. 

Consider polynomials in variable ?/, 

/(i M ,y)-A(t), /;(i M ,y)- U (t) 

with coefficients meromorphic at infinity. According to ( |4.36| ) their resultant van- 
ishes identically. Then there exist a function yM{t), meromorphic at infinity, and 
an integer DeN such that 

f(t MD ,y M (t)) = X(t D ), 



(4.37) 
(4.38) 



f'(t MD ,yM(t)) = u(t D ) 
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Define $ A/ (i) := (t MD ,y M (t)). By ( gjg ) and g^) we get 

(4.39) deg(/ o $ M - A ) < 0. 
Hence and from ( ]2 . l| ) we obtain 

(4.40) deg$ M =MD. 

By ( 4.39| ) and ( 4.40| ) we easily get deg/^,o$ M ^ deg f' y °$M, which means deg V/o 
$m = deg/y o $ M . Hence by d4.3S|) we obtain 

deg V/ o $ M = deg u 
K • ' deg$ M M • 

Summing up, we have found a seque nce {3>m} of mappin gs m eromorphic at 
infinity, such that deg<J> A/ > and holds. Moreover, by ( fl4l| ) 

degV/o$ M 
hm - = 0. 

M->oo deg$M 



which according to definition (1.2) gives £oo,\ {f) ^ 0. Hence and by (4.25) we get 
the assertion of the theorem in case (bi). 

Let us pass to case (b 2 ). Put Xu(t) ■= X(t) + jkr for M e N and M > 
— deg(A(i) — Ao). It is easy to see that for every i S {0, 1, N} there exists an 
integer a, € Z such that for any M 

(4.42) deg(Qi(A(t),u(t)) - Qi(A M (*),u(t))) < -M + a t . 

Indeed, let Qi(X,u(t)) = Rh(t)X h + ••• + R l h (t). Then it suffices to take a t := 
max^ deg.R! (t). By (142) we also easily obtain that for almost all M there exists 
an integer cLm £ Z such that 

(4.43) deg Q (Am(*), «(*))) = daf, 

(4.44) d M <-M + o;o. 



Indeed, in our case (b) by ( 4.26 ) and ( 4.3C ) we see that the polynomial Qo(A, u(t)) 
in variable A is not constant i.e. deg A Qo( A, u{t)) > 0. Then f or al most all M there 
exists an integer cLm G Z such that (4.43) holds. Inequality (4.44) is a conequence 
of ( pU2[ ) and ((Of). 

Consider now for sufficiently large M the following polynomial in variable x 

(4.45) Q(x, X M (t), u(t))) = Q (Am(*), + ' ' ' + Qiv(A M (*), u(t)), 

with coefficients meromorphic at infinity. 

Let us notice there exists iq € {1, N} such that 

(4.46) lim (degQ io (A M (i),«(*)) - deg Q (X M (t),u(t))) = oo. 

In fact, by assumption (b 2 ) there exists io suc h th at Qi (X(t), u(t))) ^ 0. Put 
d io := degQ t0 (X(t), u(t))). Then d io € Z an d by ( 4.42|) for -M < ri io - a io we have 
deg Q io (A M (*),«(*)) = d* < Hen ce by fl4.43| ) and ( |4.44| ) we get ( f4.46[ ) . 

Let us return to polynomial ( 4.45| ). Identifying meromorphic functions at infinity 
with their germs in M{t) and using Lemma 4.3 to polynomial ( 4.45| ) we get that 
there exists ipM G M.(t)* such that 

(4.47) Q(<PM(t),X M (t),u{t)) =0 mM(t)*, 

(4.48) deg , M (t) = ^&Q^M(t)Mt))-de g (Q (X M (t),u(t))^ 

i=l i 



GRADIENT OF A POLYNOMIAL 



17 



By ( 4.47 ), similarly as in the proof of Theorem 1A, there exists ipM{t) S M.(t)* 
such that 



(4.49) 
(4.50) 



f{<p M {t),ip M (t)) = \ M (t), 

f' y { V M(t)^ M {t))=u{t). 

Then there exist an integer Dm G N and functions XM{t),yM(t) meromorphic at 
infinity which germs at infinit y are equal to (fM(t DM ),ipM(t ), respectively. Put 
5?Af(£) := (xM{t),yM(t))- By ( 4.49 ) and the definition of Ajvr(i) we have 

(4.51) deg(/ o $ M - A ) < 0. 



Hence and by ( |2.l| ) we get 
(4.52) 



deg$ A /(£) = £>A/deg^M(t)- 



By fl4.5l|) and ( |4.52j ) we get deg V/ o $ M 
and ( 4.52 ) we get 

deg V/ o $ M 



deg/' o $ M . Hence according to (4.50) 



degu(t) 



deg<£> 



M 



deg (/3m(<) 



This, together with ( |4.46|) and fl4.4S| ), gives for almost all M e N 

deg$M > 

and 

deg V/ o $ M 



lim 

M— >oo 



deg $ A/ 



0. 



Hence and (J4.51 ), taking into account definition (|2.l[) , we get £oo,A (/) ^ 0- 
Hence and by ( |4.25 ) we get the assertion of the theorem in case (bg). 

This ends the proof of the theorem. □ 



As a corollary of Theorems 4.1, 4.4 and 4.5 we obtain a theorem on the function 

C 9 A •—►£«,,*(/) GlRU{-oo}. 

Theorem 4.6. TTie function C 3 X i — >jCoo,\(f) takes the values in [— oo, —1) /or 
A 6 A(/). Outside A(/) i/iis function is constant and non-negative. Moreover, 

(a) i/ deg M Q (A, u) = 0, i/ien £oo,a(/) = consi. > for X £ A(/), 

(b) «/deg„Q (A,u) > 0, i/ien £«,,*(/) = const. = for X ^ A(/). 

a 



At the end we illustrate Theorem 4.6 with three simple examples. 



Example 4.7. 

(b) For f{x,y) 



(a) For f{x,y) 



ra+1 



v(/) 



(c) For f{x,y) := y 2 we /lave 
A»,a(/) 



= y 2 + a; we Ziawe £«,,>(/) 
y, n > 1, we /zawe 

K A = 0. 



/or A^0, 
-oo /or A = 0. 



1. 



□ 
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At the end of this section we compare the Lojasiewicz exponent of V/ at in- 
finity near a fibre and on the fibre. Precisely, we shall compare the function 
C 3 A i — >£qo,a(/) to the function C 3 A i — >C ao (Vf\f^ 1 (X)) for a fixed polyno- 
mial / of the form (2.1). For simplicity we put 



S x := / _1 (A) for A e C. 



Theorem 4.8. The functions C 3 A i — >£oo,a(/) andC 3 A i — >£co(V/|Sa) are iden- 
tical besides a finite set of points Xq, in which C oo .\ (f) <£ 00 (V/|>S , Ao ). This in- 
equality holds if and only if when C OOt \ (f) £ (— oo, — 1) or when £oo,a (/) > 
and 



(4.53) 



N deg Qi(X, u) n deg u Q t (X ,u) 
max > max 

i=l I i=l i 



Proof. Notice first that by the form ( |2.l| ) of / and Lemma |3_^ we easily get 
(4.54) Coc(Vf\S x )=L 00 (f! u \S x ) forAeC. 

Let Q(x, A, u) — Qq(X,u)x n + ■•• + Qn(X,u), Qo ^ 0, be, as before, the 
resultant of f(x, y) — X and fy(x, y) —u with respect to y. Fix Ao 6 C and consider 
four cases: 



(a) Qo(Ao, 0) 7^ and deg u Qo(X, u) = 0. Then by Lemma 3.1 and (4.54) we have 



Ax>(v f\s Xo ) = 



n deg„ Qi(X ,u) 

max 

i=l i 



Hence and by Corollary |4^ and Theorem i.4 we get £ oo (V/|5'a ) > C<x,\ (f) if 
and only if (4.53) holds. Obviously, the set of such points is finite. 



(b) Qo(A , 0)^0 and deg„ Q (X, u) > 0. Then by Lemma |3_l|, ( f4.54| ) and Theo- 
rem |J we have Coo(Vf\S\ ) = £oo,A (/) = 0. 

(c) There exists r e {0,...,N - 1} such that Qo(A ,0) = •■• = Q r (A ,0) = 
Q r +i(A p, 0) ^ 0. Then by Theorem 4.1 — oo < £ oo. A n (/) < 0. Hence and by 
Corollary |jy| £oo(/ - Aq, f' y ) < 0. Then by Theorems [0| and (|4.54| ) we obtain 



£oo,A„(/) < £oc(/ ~ Xo,f' y ) = £oo(/ - Ao|S v ) < £oo(/;|5 An ) = £oo(V/|SAo)- 

Obviously, the set of Aq € C for which (c) holds is contained in A(/ ) and th us fi nite. 



(d) Qo(A o ,0) 



Qjv(A O! 0) = 0. Then by Theorem \L1 
( kM ) we have -oo = £oo,A (/) = £oo(^|Sa ) = £oc(V/|S Ao ) 



This ends the proof. 



Lemma |3.1| and 
□ 



We illustrate the above theorem with the same polynomials as in Example 4.7 



Example 4.9. (a) For f(x,y) := y 2 + x we have £«>,>(/) = £oo(V/|Sa) = 1 
for X G C. 

(b) Forf{x,y) := y n+1 +xy n + y we have £«,,>(/) = £oo(V 7|5 A ) = £ /or A ^ 
and -1 - ^ = £oo,o(/) < £oo(V/|5 ) = 0. 

(c) For f(x,y) := y 2 we /iai;e £oo,a(/) = £oo(V/|5 A ) /or any A £ C. 



□ 
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5. Equivalence of the definitions of £oc,a(/) and £«,,*(/) 



In the Introduction we have defined £00, a(/) and £oo,a(/) by formulas (1.1) 
and (|l.2|), respectively. We notice that the limit in (Oj) always exists (it may 
happen to be —00) because by definition of £ 00 (Vf\f~ 1 (Ds)) the function 5 1— » 
£oo(V/|/ _1 (Di)) is non-increasing. 

We now prove 

Theorem 5.1. Let f : C 2 -> C &e a non- constant polynomial and \q G C. Tften 

(/) - £oo,A (/) 

Proof. Obviously 

£00, Ao (/) «S £oo,A (/)- 

We shall now prove the opposite inequality. Since the set A(/) is finite then there 
exists D = { A G C : |A - A | < S } such that (D \ {A }) n A(/) = 0. According to 
Theorem 4.6 we have 



(5.1) £oo,a(/) >£cc,Ao(/) for Ae_D. 

Take an arbitrary < <5 < S and put -D5 := {A G C : |A — A | < <5}. Since the 
set f~ 1 (D$) is semi-algebraic in C 2 by the Curve Selection Lemma the exponent 
£ oc (Vf\f~ 1 (Ds)) is attained on a meromorphic curve $5, deg$,5 > 0, lying in 
this set (see |]CK4| , Proposition 1). It is easy to see that there exists A G Ds C 
D such that deg(/ — A) o $ a < 0. By definition of £oo,A (/) and ([Tl]) we get 
CooiVflf-HDs)) > £oo, A (/) > £oo,A (/)- Hence 

lim .CooiVflf-^Dg)) = lim C^V fir 1 (D S )) > C^f). 

s — >o+ s — >0+ 

This ends the proof. □ 

6. 71-DIMENSIONAL case 

Let us start with definitions. A non-constant polynomial / : C™ — > C, n ^ 2, is 
said to satisfy the Malgrange condition for a value Ao G C if 

(6.1) 3 W)i i ,fl 0> oVp e c»(|p| > i?o A \f(p) - A | < S \p\ |V/(p)| > 

By Koo (/) we denote the set of A G C for which the Malgrange condition does not 
hold. It is easy to check that A G Koo(f) if and only if there exists a sequence 
{p k } C C" such that 

(6.2) lim \p k \ = 00, lim f(p k ) = A, and lim \p k \ \ Vf(p k )\ = 0. 

k — >oo k — >oo k — >oc 



It is known (see [JK|, cf. ||Sj]) that 
(6.3) < 

We now give a characterization of K QO (f) in terms of the exponents £oo,a(/) 
and £oo,a(/)- 

Theorem 6.1. For Ao G C the following conditions are equivalent: 

(i) AqG^oo(/), 

(ii) £oo,A (/) < -1, 
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(iii) £ao,A (/) <-l- 

Proof. (iii)=»(ii|=»(i). Take A i #«,(/). Then A satisfies Without loss of 

generality, by ( |6.3| ), we may assume that {A 6 C : A — Ao < <5o} H K OQ (f) = 0. 
Take 5, < 5 < 5 , and put L> 5 := {A G C : |A - A | < <S}^Then by we have 
^(V/l/- 1 ^)) > -1. Hence by definition (Q) we get £oo,A (/) ^ -1- From an 
obvious inequality 

(6.4) £«,,>(/) >£oo,x(f) for AgC 

we also get £oo : \ (f) ^ —1- This gives the required sequence of implications. 

We now show the implication (i)=>(iii). Let Ao G K oo(f) and {pk} C C™ be 
a sequence satisfying ( |6.2|). By ( |6.3| ) there exists a closed disc -D :— {A G C : 
|A — A | ^5 <5o} such that 13 n Koo(f) — 0. Since f^ 1 (D) is a semialgebraic set in 
C™, then by the Curve Selection Lemma the exponent £ o(V f\f~ 1 (D)) is attained 



on a meromorphic curve $, deg<£> > 0, lying in this set (cf. |CK4| , Proposition 1). 
Thus there exists a A G D such that deg(/ — A)o<f> < 0. On the other hand almost all 
elements of the sequence {pk} lie in f^ 1 (D). Then ( |6.2| ) implies £ 00 (V f\f^ 1 (D)) < 
— 1. In consequence degV/ o $/deg<f> = £, 00 {X? f\f~ 1 {D)) < —1. Hence we get 
A G K 00 (f) and thus A = Ao- Summing up, there exists a meromorphic curve $, 
deg<£> > 0, such that deg(/ - A ) o $ < and degV/ o $/deg<I> < -1. Then by 



definition (L2) we have 

£oo,Ao(/) < -I- 

This gives the desired implication and ends the proof. □ 

To illustrate the usefulness of £qo,a(/) we show how with the help of this expo- 
nent one can find the set K oc (f) in an example. We consider the Rabier's example 
(see jRj, Remark 9.1). 

Example 6.2. Let f R : C 3 -» C, f R (x, y, z) := [xy - l)yz. Then = {0} 

and £oo,o(/ H ) = -oo. 

Indeed, we first show G K oc (f R ). Taking ^(t) := (t, 0), we have deg$ > 0, 
/• R o$(t) = anddegVf R o<$ = — oo. Hence according to we get £oo,o(f R ) — 
—oo and thus G K oa (f R ). To prove the opposite inclusion assume that there exists 



A ^ such that A G K^if 11 ). Then by Theorem |1| £oo,\(f R ) < -L Then there 
exists a meromorphic curve $ = (ip\, ipz, ^3) swc/i that deg$ > and 

(6.5) deg(/ fl - A) o $ < 0, 



(6.6) deg V/ fl o $ < - deg 



From (6.1) 



(6.7) deg((v?i^ 2 - 1)^2^3) = 0, 



whereas from (6J.) we get deg f' z o $ < — deg $ and i/iws 



(6.8) deg(^i</? 2 - 1)^2) < -deg$. 



By \6. 7 ) and (6^) we <?ei — deg ^3 < — deg<I>, which is impossible. 

□ 

Using £oo,\(f) we shall prove one more theorem 
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Theorem 6.3. Let f : C" — > C, n ^ 2, be a non-constant polynomial. If £oo(V /) ^ 
— 1, then there exists Xq € C such that 

(6.9) £oo(V/)=£oo,A (/)- 

Proof. Let <I>, deg$ > 0, be a meromorphic curve on which the Lojasiewicz expo- 
nent £oo(V/) is attained. Then 

(6.10) Copf) = deg$ • 

We shall show 

(6.11) deg/o$^0. 
Indeed, it suffices to consider the case deg / o $ ^ 0. Then 

deg / o $ deg V/o$ _ 

, & » < , V. + 1 = £oo(V/) + 1 < 0, 
deg $ deg $ 

which gives ( 6.1lj). 

Inequality ( 6.1l| ) implies that there exists Ao £ C such that 

(6.12) deg(/ - A ) o $ < 0. 
Then by ( |6~10| ), ( |612| ) and Q we get 

£oo,Ao(/)<4»(V/). 

The opposite inequality is obvious. 

This ends the proof. □ 

Directly from the above theorem we obtain 

Theorem 6.4. Let f : C™ — > C, n ^ 2, &e a non-constant polynomial. The follow- 
ing conditions are equivalent: 

(i) 7^ 0, 

(ii) £oo(V/) < -1. 

Proof. (i)=Kii). Take A G #«,(/)• Then by Theorem |1| we have £«,,*„(/) < ~ L 
Then £oc(V/) < -1. 

(ii)=>(i). By Theore m |6.3| there exists Ao E C such that £oo,A (/) = £oo(V/) < 
-1. Hence by Theorem |MAq € #«,(/). 

This ends the proof. □ 

Theorem 6.5. ITe have 

(6.13) £oo,a(/) = £oo,x(f) for XeK^if). 

Proof. Take any Ao 6 K oa (f). Since the inequality £oo,a (/) ^ £oo,\ n (f) ls obvious 
it suffices to show 

(6-14) £oo,A (/)<£oo,A n (/). 

Similarly as in the second part of the proof of Theorem S.l we take a closed 
disc ~D S := {A G C : |A - A | s$ <S} such that D§ n K oc (f) = 0. Then analogously 
as previously we show that there exists a meromorphic curve lying in f^ 1 (Dg) 
such that, 

(6.15) deg$ 5 >0, deg(/ - Ao) o $ 5 < 0, .f\r\D s )) = dc § V / ° ^ , 

deg v«5 
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Hence and from (L2) we get 

(6.16) A»,Ao(/) < ^(v/ir 1 ^)) 

Then taking S -> 0+ we get d6.14| ). 
This ends the proof. 



□ 



We give now a complement of Theorem 6.5, which follows immediately from 



Theorem 5.1 



Proposition 6.6. // Ao ^ K oc (f) and there exists a meromorphic curve such that 
deg(/ - A ) o $ < and deg V/ o $ = - deg $ then 

£oo,A (/) = £oo,A (/) = -1- 

□ 

Before we pose questions concerning £<x>,a(/) and £oo,a(/) for n > 2 we return 
to the Rabier's example. 



Example 6.7. For i/ie Rabier's polynomial we have 

(6.17) £»,*(/*) =£„,*(/*) = { /or A Joi 

Indeed, for any A e C and $a(0 : = (t, l/2i, — 4Ai) we have f R o $a( £) = A and 
degV/o<i) A = — deg<I>A. Hence and from Proposition \6. (\ we <?e£ ( g.i /p . 

□ 

This example gives rise to the question: can one generalize Theorems [Tl] and 
4.6 to the n dimensional case? Precisely 

Question 6.8. Does the equality 

£oo,a(/) = £oo,a(/) 
fto/rf /or any non-constant polynomial f : C" • C, // -2. and A 6 C? 

□ 

Question 6.9. Does for a non- constant polynomial f : C" — > C, n > 2, i/iere exists 
a number c/ G [—1, oo) smc/i i/iai 



£oo,\(f) = £aa,\(f) = Cf for any A ^ #«,(/)? 



□ 



Remark 6.10. .ft is kno wn f or n — 2 (see i.e. Js|,) i/zai A(/) = K ao (f). T hen the 
answers to both Problems \6.^ and \6.!\ are positive. Moreover, by Theorem 4J_ the 
constant Cf belongs to the interval [0, oo). 

For n > 2 we have only the inclusion A(/) C Kao(f) (see Qj. In general 
the equality does not hold. One can show that for the polynomial f pz (x,y,z) := 
x — 3x 5 y 2 + 2x 7 y 3 + yz (see [PZ]) we have 



Therefore by j\6. 3j ) it seems to be more natural in the case n > 2 to consider the 
dependence of the exponents £oo,a(/) md £oo,a(/) on Koo(f) and not on A(/). 



□ 
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Let us introduce one more definition. A non-constant polynomial / : C n — > C, 
n ^ 2, is said to satisfy the Fedorjuk condition for a value Ao £ C if 

(6.18) 3„ , 5oiilo> oVp e c»(b| > i? A |/(p) - A | < S =► |V/(p)| > 

By K oc (f) we denote the set of A G C for which the Fedorjuk condition does not 
hold. It is easy to check that A G K^f) if and only if there exists a sequence 
{p fc } C C™ such that 

(6.19) lim \p k \ = oo, lim /(p fc ) = A, and lim |V/(pfc)| = 0. 

k — >oo k — >oc k — >oo 

It is known (see Js|) that K oc (f) is algebraic. Then we have two excluded 
possibilities 

(6.20) ##«>(/) < or KUf) = C 
Analogously to Theorem |6.l| we show 

Theorem 6.11. If K oa (f) ^ C then for \q G C the following conditions are equiv- 
alent: 

(i) AoGiM/), 

(ii) £ 00 , Ao (/)<0, 
(hi) £ 00 , Ao (/)<0. 

□ 

Remark 6.12. TTie inclusion Koo(f) C Koo(f) is obvious. For n = 2 we /ia«e 
Koo{f) = Koo(f) and thus K oc (f) is finite. Forn >2the equality K o a (f) — Koo(f) 
does not have to hold. Namely, from Example 6.1 and Theorem 6.11 we have 
Koo(f R ) = C whereas K OB i^f R ') is finite. 

□ 

Question 6.13. Does the equality K ao (f) = C imply that £oo,a(/) < for each 
A G C ? 

□ 
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